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In the framework of Sen’s conjectures a construction of cubic vacuum superstring field
theory on a non-BPS brane is discussed. A distinguished feature of this theory is a pres-
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kinetic operator with zero cohomology. Also we proposed the solutions to the cubic vacuum
superstring field theory equations of motion in a special “light-cone” factorized form.
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1 Introduction
During the last year the bosonic vacuum string eld theory (VSFT) proposed to describe physics
around the bosonic tachyon vacuum [1] has been investigated in many papers [2]-[33]. VSFT action
has the same form as the original Witten SFT action [35], but with a new dierential operator
Q (for a review of SFT see [36, 37, 38]). The absence of physical open string excitations around
the tachyon vacuum [39]-[43] supports a suggestion [1] that after some eld redenition Q can be
written as a pure ghost operator. Under this assumption solutions to VSFT equation of motion
admit a factorized form with the projector-like matter part. Solutions of projector equations
have been discussed in many details in the references [2]-[8]. These equations are similar to the
non-commutative soliton equations in the large non-commutativity limit [44].
A generalization of VSFT to superstrings has been discussed in [1] and more recently in [45]
and [46] in the context of cubic SSFT [49, 50] and non-polynomial SSFT [47], respectively. Open
fermionic string in the NSR formalizm has a tachyon in the GSO− sector that leads to a classical
instability of the perturbative vacuum in the theory without supersymmetry. It has been proposed
[39] to interpret the tachyon condensation in the GSO− sector of the NS string as a decay of
unstable non-BPS D9-brane.
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The cubic action unifying NS GSO sectors was constructed [48] as a generalization of the
cubic action for GSO+ sector [49, 50]. As in the bosonic case vacuum superstring eld theory
(VSSFT) is obtained by a shift of string eld A^ = (A+; A−), which describes both GSO+ and
GSO− sectors, by the tachyon vacuum A^0 = (A0,+; A0,−). This shift leads to the new (shifted)
BRST charge, but in contrast to the bosonic case this BRST charge inevitably has matrix form.
Assuming the statements of Sen’s conjecture we can also think that after a proper eld redenition
the shifted BRST charge acts non trivially only in (super)ghost sector. In this case VSSFT
equations of motion factorizes into a matter part and a ghost part. But the factorization in the
ghost part is a bit dierent as compare to one in the bosonic VSFT. In the matter part we will
have standard equations for the projectors. Fermionic projectors, such as the sliver, have been
constructed recently in [45, 46].
In the present paper we discus a possible form of the vacuum ghost kinetic operator Q^ in cubic
VSSFT. Within the level truncation scheme it has been shown [48] that the tachyon potential in
the cubic open SFT has a nontrivial minimum with A+0 6= 0 and A−0 6= 0.1 Therefore, there is a






with Qeven 6= 0. If Qeven were zero, we can take Qodd to be the ghost kinetic operator used in the
bosonic VSFT [24]. But since it is not the case we have to search for another expression for Qodd.
Here we propose the following candidates for Qodd and Qeven:
Qodd = c(i) + 1
2i
I
b(z)γ2(z)dz; Qeven = γ(i): (1.2)
To be derivatives of the star algebra operators Qodd and Qeven should satisfy some identities, in
particular, hIjQodd = 0 and hIjQeven = 0, here I is the identity of the star algebra [52]. Both
hIjc(i) and hIjγ(i) are singular [52], therefore the expressions in (1.2) require some regularization
and we will discuss it in Section 3.2. Similar to the bosonic case [34], analytic solutions to SSFT
equations of motion may show a simple regular form of the theory around the tachyon vacuum.
Note that to come back from VSSFT to the perturbative vacuum one has to study solutions of
the VSSFT equations with non-zero components in both GSO+ and GSO− sectors (see Figure 1)
The paper is organized as follows. In Section 2 we describe cubic vacuum superstring eld
theory on the non-BPS D-brane. Construction of the new BRST charge is presented in Section 3.
Solutions to the cubic vacuum superstring eld theory equations of motion in a special "light-cone"
factorized form are discussed in Section 4.
1Note, that the pure GSO+ slightly modified theory has a non-trivial saddle-point A+0 6= 0 at list at the first









Scheme of Vacua in SSFT
GSO-
GSO+
Figure 1: Scheme of vacuums in SSFT. The point P denotes the perturbative vacuum, the point
T denotes the true vacuum (the tachyon condensate), the E denotes a solution found in [53]
. The arrow connecting T and P denotes a solution of VSSFT representing the original non-BPS
brane.
2 Cubic Vacuum String Field Theory on non-BPS D-brane
2.1 Cubic String Field Theory on non-BPS D-brane.
To describe the open string states living on a single non-BPS D-brane one has to consider GSO
states [39]. GSO− states are Grassmann even, while GSO+ states are Grassmann odd (see Table


















Here the factors before the odd brackets are xed by the constraint of gauge invariance, that is
specied below, and reality of the string elds A. Variation of this action with respect to A+,
A− yields the following equations of motion (see [48] for details)
QBA+ + A+ ? A+ −A− ? A− = 0;
QBA− + A+ ? A− −A− ? A+ = 0:
(2.2)
The action (2.1) is invariant under the gauge transformations
A+ = QB+ + [A+;+] + fA−;−g;




number Weight (h) Comments
A+ odd + 1 h 2 Z; h > −1 string
A− even − 1 h 2 Z+ 12 ; h > −12 elds
+ even + 0 h 2 Z; h > 0 gauge
− odd − 0 h 2 Z+ 12 ; h > 12 parameters
Table 1: Parity of string elds and gauge parameters in the 0 picture.
where [ ; ] (f ; g) denotes ?-commutator (-anticommutator) and  are gauge parameters (see
Table 1).

















Q^B = QB ⊗ a; Y^−2 = Y−2 ⊗ a; (2.5)
A^ = A+ ⊗ a+ A− ⊗ b (2.6)
and a and b are 2 2 matrices such that
a2 = 1; b2 = −1; fa; bg = 0: (2.7)
One can check the following identity
Q^B(^ ? Ψ^) = (Q^B^) ? Ψ^ + (−1)Φˆ^ ? (Q^BΨ^); (2.8)
where ^ and Ψ^ are string elds
^ = + ⊗ a+ − ⊗ b and Ψ^ = Ψ+ ⊗ a+ Ψ− ⊗ b (2.9)
and parity operator (−1)Φˆ is dened as
(−1)Φˆ+ = (−1)Φ++ and (−1)Φˆ− = −(−1)Φ−−: (2.10)
The equation of motion following from the action (2.4) is
Q^BA^ + A^ ? A^ = 0: (2.11)
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One can check that the equation (2.11) yields the equations (2.2). The action (2.4) is invariant
under the following gauge transformations
A^ = Q^B^ + [A^; ^]; (2.12a)
where
^ = + ⊗ 1 + − ⊗ ab: (2.12b)
It is a matter of simple algebra to check that the gauge transformations (2.12a) yield the gauge
transformations (2.3) for the elds A.
2.2 Cubic VSSFT
Let A^0 be a solution of the equation (2.11). A shift of a string eld A^ in the action (2.4) as
A^ = A^0 + A^:
gives







A^ ? Q^A^+ 1
3
Z 0
A^ ? A^ ? A^

; (2.13)
where Q^ is a new BRST charge of the form
Q^ = Q^B + fA^0; g: (2.14)
One can check that the equation Q^2 = 0 yields the equation of motion for the eld A^0 and therefore
Q^ is nilpotent.
Now let us investigate the structure of the shifted BRST charge more carefully. Consider an
arbitrary string eld ^, then the operator (2.14) acts on it as follows
Q^^ = QB+ ⊗ 1 +QB− ⊗ ab+ fA0,+ ⊗ a+ A0,− ⊗ b;+ ⊗ a+ − ⊗ bg
= (QB+ + fA0,+;+g − fA0,−;−g)⊗ 1 + (QB− + [A0,+;−]− [A0,−;+])⊗ ab: (2.15)
Let us introduce two new operators Qodd and Qeven:
QoddZ = QBZ + A0,+ ? Z − (−1)jZjZ ? A0,+; (2.16a)
QevenZ = A0,− ? Z + (−1)jZjZ ? A0,−; (2.16b)
where Z is a string eld in GSO+ or GSO− sector and jZj is a parity of the eld Z. One sees
that (2.15) means that Q^ can be written in the form
Q^ = Qodd ⊗ a+Qeven ⊗ b: (2.17)
The nilpotency of the Q^ yields the following identities for the operators Qodd and Qeven
Q2odd −Q2even = 0 and [Qodd; Qeven] = 0: (2.18)
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2.3 VSSFT equations of motions
Equations of motion following from the VSFT action (2.13) have the same form as (2.11) but with
the shifted BRST operator Q^. In components these equations are
QoddA+ −QevenA− +A+ ?A+ −A− ?A− = 0;
QoddA− −QevenA+ +A+ ?A− −A− ?A+ = 0: (2.19)
It is more convenient to rewrite these equations in \light-cone" variables A and A:
A = A+ −A− and A = A+ +A−: (2.20)
Equations (2.19) have the following very simple form:
q A+A ? A = 0 and qA+ A ?A = 0; (2.21)
where
q = Qodd −Qeven and q = Qodd +Qeven: (2.22)
From the relations (2.18) one can get the following properties of the charges q and q:
qq = 0 and qq = 0: (2.23)
It is also fruitful to rewrite the gauge transformation
A^ = Q^^ + [A^; ^]
in the light-cone variables:
 = + − − and  = + + −: (2.24)
The gauge transformations become
A = q + A ? −  ? A;
 A = q + A ? −  ? A: (2.25)
3 Construction of the new BRST charge
3.1 Restrictions on Q^ following from Sen’s conjecture
According to Sen’s conjecture [39] the solution A^0 represents the vacuum without open string
excitations2, and therefore the cohomology of the BRST operator Q^ must be zero.
2This conjecture has been checked for the non-BPS brane decay only at the first non-trivial level [38].
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As in the bosonic case [1] here it also might be easier to guess the form of the BRST charge
then to derive it. In proposing a simple form of the vacuum SSFT action, we have in mind eld
redenition, which preserves the form of the cubic action, but simplies the expression for BRST
charge Q^. By a appropriate eld redenition
U^ = Ueven ⊗ 1 + Uodd ⊗ ab (3.26a)
we will assume a ?-algebra homomorphism
U^(A^ ? B^) = (U^A^) ? (U^ B^); (3.26b)







and the existence of the right inverse
U^ U^−1 = 1: (3.26d)
The^ in the expressions for the eld redenition U^ is very important since this transformation
acts in both GSO+ and GSO− sectors. Using (3.26) one can check that after the eld redenition
A^ 7! U^A^
the BRST charge transforms into
Q^ = U^−1Q^U^ : (3.27)
Note that the transformation U^ is highly non-trivial and mixes GSO+ and GSO− sectors.
Now it can be useful to consider an example of the eld redenition that can seriously simplify








c(TB + Tφ + Tηξ +
1
2





One can check that after the homogenous eld redenition [51]












the BRST charge (3.28) takes the form




Following the idea of the paper [1], which is based on Sen’s conjecture, gauge invariance and
algebraic properties of the BRST charge, we require Q^ to satisfy the following properties:
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1. Q^ = Qodd ⊗ a+Qeven ⊗ b;
2. Both Qodd and Qeven have superghost number equal to one, but Qodd is Grassmann odd,
while Qeven is Grassmann even;
3. Q^ is nilpotent operator, that in components means the identities
Q2odd −Q2even = 0 and [Qodd;Qeven] = 0; (3.31a)
4. Q^ is a dierentiation of the ?-algebra
Q^(A^ ? B^) = (Q^A^) ? B^ + (−1)AˆA^ ? (Q^B^); (3.31b)
where the parity operator (−1)Aˆ was dened in (2.10). In particular, this identity means
that operators Qodd and Qeven also satisfy the Leibnitz rule;
5. The integral of the full derivative is zero
Tr
Z 0
Q^(A^ ? B^) = 0; (3.31c)
6. The operator Q^ must be universal, what means that it has to be written without reference
to the brane boundary CFT;
7. The operator Q^ must has vanishing cohomology;
8. The operator Q^ must commute with the double step inverse picture-changing operator
[Y^−2; Q^] = 0 or fY^−2; Q^g = 0: (3.31d)
We need this axiom to relate the axiom 5 with the fact that Q^ annihilates the identity jIi.
Therefore we can have several variations of this axiom and in general we only need something
like the following
QoddY−2  Y−2Qodd = 0 and QevenY−2  Y−2Qeven = 0:
Plus/minus in these formulae can be chosen independently.
We will construct the operator satisfying these requirements in the next subsection.
Note that in the case of non-polynomial superstring eld theory [47] all the requirements
remains the same but commutation with the double step inverse picture-changing operator is not
necessary.
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3.2 Construction of the new BRST charge
The simplest way to satisfy the conditions (3.31) is to put Qeven = 0 and choose Qodd as in the





Unfortunately we have no good argument why this situation can not be realized, but we think
that after the eld redenition both charges Qodd and Qeven are non zero.
We propose to take the following formal expression for the ghost kinetic operator




Qeven = γ(i): (3.32b)
In some sense this is the only form (up to change i! −i) for the operator which satises (3.31).
One can explain it as follows. Following [24] consider an original (before eld redenition) BRST








where ar are smooth functions of  and Or() are some local conformal operators of ghost number
1. It was shown [24] that after a singular eld redenition the dominant contribution to the
transformed charge Q will come from the lowest dimensional conformal operators. This has led
to the choice of c(i) and c(−i) in the bosonic case, and this also leads to our choice of Qeven, since
γ is the lowest dimensional even primary operator of ghost number 1. In the case of Qodd we have
two proper candidates: c(i) and
H
bγ2.
The ansatz (3.32) obviously satises the axiom 2 from the previous subsection. The axiom 3
about nilpotency of Q^ is also satised, since
Q2odd = γ2(i) = Q2even (3.34a)
and because there is no  in the expression for Qodd one gets
[Qodd; Qeven] = 0: (3.34b)
The most non trivial is to check the axiom 4, which in particular says that Qodd and Qeven
admit the Leibnitz rule and the axiom 5, which says that integral of \the full derivative" is zero.
These axioms are also related to the hermitian property of the kinetic ghost operator
Tr hhA^; Q^B^ii = Tr hhQ^A^; B^ii (3.35)
and the gauge invariance of the vacuum string eld theory action. It is a matter of overlap
equations that if we could proof the axiom 5, then the axiom 4 will be automatically satised.
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3.2.1 Proof of axiom 5.
It doesn’t seem that Qodd and Qeven, which contain midpoint insertions, can satisfy axiom 5. The
reason is that they diverge acting on the identity jIi. However, one can dene Qodd and Qeven as
a limit of a sequence with each element annihilates the identity.
To construct such a sequence let us consider the overlap equation for the identity. To write it
one has to be very careful, because in the superconformal CFT we have conformal elds with half
integer weights. We will also assume that we make double trick for antiholomorphic operators,
and therefore the overlap equation will connect the elds on the boundary of the unit disk, and
not only on the boundary of the upper half unit disk. The argument of coordinate z on the unit
disk is in interval (−; ). Some simple algebra leads to the following overlap equations for a























jIi = 0; for jzj = 1; <z < 0 and =z < 0; (3.36b)
So one sees that if h is half integer the second equation diers from the rst by a sign of the second
term.












This regularization corresponds to a splitting of the midpoint insertion into two insertions on the
left-half and on the right-half of the string. In limit " ! 0 one recovers the midpoint insertion.
From overlap equations (3.37) it follows thath
e−iεc(ieiε) + eiεc(ie−iε)
i
jIi = 0; (3.38a)h
e−ipi/4−iε/2γ(ieiε)− eipi/4+iε/2γ(ie−iε)
i
jIi = 0: (3.38b)
One can now dene Qodd and Qeven as
Qodd  lim
ε!0
Qεodd and Qeven  lim
ε!0
Qεeven: (3.39)
This nishes proof that Qodd and Qeven annihilate the identity.
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3.2.2 Check of axiom 7. Zero cohomology.
As in the bosonic case [24] the equation Q^^ = 0 has no non-zero solutions which belong to Fock
space. Let us suppose that there is a generalized state Ψ^ annihilated by Q^. We want to show that
for any such Ψ^ there exists ^ so that
Ψ^ = Q^^: (3.40)
To show this it is sucient to nd an operator K^ such that
fQ^; K^g = Id⊗ 1: (3.41)
Indeed, acting by K^ onto the expression (3.40):
0 = K^(Q^Ψ^) 3.41= Ψ^− Q^(K^Ψ^);
we get ^ = K^Ψ^.
It is natural to search for the operator K^ in the following form
K^ = K+ ⊗ a+K− ⊗ b: (3.42)
The equation (3.41) yields
Id⊗ 1 = fQ^; K^g = (fQodd;K+g − fQeven;K−g⊗ 1 + (−[Qeven;K+] + [Qodd;K−]⊗ ab:
For the operators Qodd and Qeven dened by (3.32) one can take
K− = 0 and K+ = 1
i
b0: (3.43)
3.2.3 Check of axiom 8.
We show that the following relations are true
[Qodd; Y−2] = 0 and [Qeven; Y−2] = 0: (3.44)
The rst commutator is obviously zero, since Y−2 commutes with c(). It also commutes withH
bγ2, since it is a part of the original BRST charge. Let us check the second commutator. To
this end let us remind, that
Y−2 = Y (i)Y (−i); Y (z) = 4c@e−2φ(z) and γ(z) = eφ(z):
Consider the following OPEs:
Y (i)Y (−i)γ(z) = −c(i)c(−i)
h







γ(z)Y (i)Y (−i) = −c(i)c(−i)
h







So one sees that [γ(z); Y−2] = 0 for any z. Now assuming that we are dealing with the regularized
charge Qεeven we get that it commutes with the double step inverse insertion operator. And after
taking the limit "! 0 we obtain the result required for Qeven.
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4 Solutions in GSO Sectors
4.1 ?-product of coherent states
In this section we will give the computation rules for the star products of the coherent states on
the matter NS sliver.
The matter part of NS sliver is given by [45, 46]
jψi = N 10 exp(1
2
 y  S   y)j0i: (4.1)
Here the normalization factor N and the matrix Srs are specied in [45].
In analogy to bosonic case [3],[5] Marino and Schiappa [46] has considered the coherent states
of the form
jψβ i = exp(−iT  C   y)jψi: (4.2)
Here Crs = (−)rrs. These states satisfy the BPZ conjugation property:
hψβ j = hψj exp(T   ): (4.3)
Using the equation
h0j exp(T   + 1
2
  S   ) exp(T   y + 1
2
 y  V   y)j0i
= det(1 + SV )1/2 exp(T (1 + SV )−1+
1
2
TV (1 + SV )−1+
1
2
T (1 + SV )−1S); (4.4)
and the projection property of the matter NS sliver jψi ? jψi = jψi one gets the following star
product of coherent states (4.2)



























Using the properties of the matrices Mij [45] one gets
TK−1 = −i 3 yC(11 − 22); (4.7)
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M12(1− TM11) + TM221
(1− TM11)2 − T 2M12M21 ; 2 = −{
M21(1− TM11) + TM212
(1− TM11)2 − T 2M12M21 : (4.9)
One readily veries that they satisfy the following properties:
1 + 2 = 1; 12 = 0;
C1C = −2:
This shows that 1 and 2 are projection operators into orthogonal subspaces, and the matrix
iC = (−)r+1/2rs exchanges these two subspaces.
Finally one gets the following star product of two coherent states on the matter NS sliver
jψβ1i ? jψβ2i = exp(C(1; 2))jψρ1β1−ρ2β2i: (4.11)
4.2 Factorized solutions in GSO sectors
In this section we will construct the solutions in GSO sectors. In terms of "light-cone" variables
(2.20) our solutions have undened parity. We will consider solutions of the VSSFT equations of
motion (2.21) in a special "light-cone" factorized form.
To describe this form let us consider the coherent states (4.2) on the matter NS sliver. It is
convenient to choose  as an eigenvector  of the projector 1 satisfying 1 =  and 2 = 0.
For the coherent states of the form jψν i and jψ−νi one gets
jψν i = jψ−i+ jψ+i; (4.12a)
jψ−νi = jψ−i − jψ+i; (4.12b)
where jψi are the states of denite parity. Using the star product of two coherent states (4.11)
one gets the following multiplication rule for the coherent states
jψν i+ jψν i ? jψ−νi = 0; (4.13a)
jψ−νi+ jψ−νi ? jψν i = 0: (4.13b)
Here we through away the normalization factor since we don’t specify the equation for the ghost
part.
We choose the factorized "light-cone" variables of the following form
j Ai = jXi ⊗ jψβ i ⊗ j Aghi; (4.14a)
jAi = jXi ⊗ jψ−βi ⊗ jAghi: (4.14b)
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Here jXi is a boson matter eld, jAghi and j Aghi are the ghost "light-cone" variables.
Noticing that the kinetic operators q and q contain only the ghost operators and using the
factorization property (4.14) we see that our equations of motion (2.21) factorize into the bosonic
matter part, the fermionic matter part and the ghost part. The solution of the bosonic matter
is the bosonic sliver or the coherent state on it. The solution of the fermionic matter up to the
normalization factor is the coherent state on the matter part of the NS sliver with specialized
 = . The ghost part of the solutions remains to be constructed, that will be the subject of
our further investigation.
5 Conclusion and Discussions
In this paper we have considered a simplest candidate for the kinetic part of the cubic VSSFT
which describes a result of a decay of unstable non-BPS brane. Let us note, that the part of Qodd
belongs to a general class of the bosonic ghost kinetic operators [1] but does not coincide with
twist even one, c(i)−c(−i) [24]. We can modify the c-part of Qodd to be, for example, c(i)+c(−i).
In this case the total Qodd should be
Qodd = c(i) + c(−i) + 1
2i
I
b(z)γ(z)(γ(z)  γ(−z))dz (5.15)
and
Qeven = γ(i) γ(−i): (5.16)
In spite of the fact that consider only cubic superstring eld theory, our results concerning the
ghost kinetic operator can be applied to Berkovits non-polynomial superstring eld theory.
As the problems to be solved let us note the problem of nding the ghost part of the solutions
and the question of restoration of the supersymmetry in the perturbative vacuum.
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Appendix
A Matrix Representation of non-GSO projected String
Fields
The cubic action involving these two sectors was constructed by the authors in [48]. Here we will
rewrite it in more simple form using only one (matrix valued) string eld:
A^ = A+ ⊗ a +A− ⊗ b; (A.1)
where a and b are N N matrices we wish to nd. We have to write also
Q^B = QB ⊗ q and Y^−2 = Y−2 ⊗ y; (A.2)
where q and y are also N  N matrices we need to determine. We propose the action for string











A^ ? Q^BA^+ 1
3
Z 0
A^ ? A^ ? A^

; (A.3)
where Tr is trace over the matrix multiplier and
R 0
denotes Witten’s integration but with the




Y^−2. One can check
that to obtain the action proposed in [48] the matrices q; y; a; b have to satisfy the following
conditions:
Tr(yaqa) = Tr(ybqb) = N ; (A.4a)
Tr(ya3) = N ; (A.4b)
Tr(yab2) = −Tr(ybab) = Tr(yb2a); (A.4c)
Tr(yab2) = −N: (A.4d)
The condition (A.4c) is satised if
[a; b2] = 0 and fa; bg = 0: (A.5a)
The condition (A.4b) is satised if
a2 = 1 and y = a: (A.5b)
And the conditions (A.4a) and (A.4d) are satised if
q = a and b2 = −1: (A.5c)
So we are left with two matrices a and b such that
a2 = 1; b2 = −1 and fa; bg = 0: (A.6)
Further we will assume that a and b are 2 2 matrices, for example
a = 3 and b = −i2: (A.7)
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